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1. Jntroduction

Meir, A. and Sharma, A.[3], Prased,
J. and Varma, A. K.[4], Saeed, R. K.[5],
Swartz. B. K.and Varma, A. K.[8] have
siudied the (0,3) lacunary interpolation
oroblem by using spline function. In this
paper we consider a rclated p.oblem, Lut
the essential difference here b.ing ia the
anterpolation point because [1-%] usad

U= (X + Xig./) but we Lse

1, =Xy +=h , =0, I, ..., m and 2n:h=].

For its desciijtion, we shall denote by
Sp(5,3,n) the family of five degree splincs
S.(Ajen the iaterval [0,1] satsfying the
iollowing tv, o propertics:

(s.00e Cl.1]

S.(X) is & polyncmial  Fde gree

D) five in 2uch subinterval”
i

[ X2, X0i-2), where Xo=—, i=0, 1

m

|
i
1
i

o, 2, o, rraxd =20t

fect of this paper Is to obtain the existcace, uniqueness and error bounds of quintic

Our method of proof leads to an
interesting algorithin for the numerical
cvaluticn of the interpolatory splines of
the given data. We nuw state our main

results:

Theoreml.1
For given arbitrary numbers f(X,),

f{X5). S [0, Gy f(lo):f(tg)» '~-sf(l2m.2);
R P N | N e e

there exists a  unique spline

Su(X) e Sp(3,3,1n) Such that

/(2) S, (X,)y=f(X,),i=0]l..m

(LD CD) Sy =", , i=0,l,..,
m-1;r=0,3

(iif) S10X,) = £(X,)

SS,) = (X,

2
t, =Xy +=h ,i=0]l..,m-1 and 2Zmh=1.
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Theorem 1.7
Let fe C’[0,1] and S,(X) < Sp(5,3,n) be
a unique splines satisfying the conditions

of Theorem 1.1. Then

< 59.5m" Hw(r,

l
_—):
m

r=0,12,34 and w(f®; L) denotes the
: m
modulus of continuity of /7.
2. Preliminaries
IEOX) s a polynomial of degree five
on [0 1] ,then we have

20 oy =0y 4,00 + Q{%)A, (XY + Q)4 ()

O"(0)A, (V) +O0"(D)A,(X) +.Q~(§u,.{.k')
| o

where

@ M(X)=}%(27X5 —o5x? 4 90x3
~37X+10)

(22) MY =}f}(-sn(5 +270x% ~270%3 +

- L

8IX)

23) A2(X)= %{27){5 ~90x? + 90x3 -

. I "

7X) '

A (X)= (~63‘{5 +180X" -

(2.4)

176X3 + 60X2 - 7X)

2.5) 14(){)=—]—(9X’-1JX3 +X)

,15()(;_ ( 33\5+sa>."

(2.6)
5ox3 +3X)

For ihe later references we note that

S

A cemi1servr ‘,mﬁl I‘&.: 2 (£ g 33T
r 3 ? ! ’ 4
Ag(0) ===t 2.0(IJ=; 3

2y (0)=-216.. k‘;’(%)z—_ms :

A (=108 ,A5(0)=54 , A5(1)=0

Xj(0)= 2,

,27
A==,
(M 70

217 (0)=324, A‘,“{é}: 162,
1 ()=-162, 450)=-81,

?»1=01,u:-i.1',1=9.
1(D=0,15(0)=. 55 Ma=1c,

29 ©0)=-108 , xf;’(%) o

2.7y AP(y=54, A500=27, A5 =0

7 1
A5(0)=——— , A()=—
e, TE

4 4,1
27(0)=36. 1‘3’(51=15,
AW (1)=-27,A3(0)= 4
AT()=—4,

I 2
A0)=— , A} n—~—
WO=1% =
=0, ).‘4”{5}=3 ;A =9
= | \
l;(O):—E. A =4 |
ASO)=— | A =—
IRt R s
25(0)=16 .

A‘;’(%;ﬂ A =-17
- - __-é - " —
As(0) = 2,,'\5“) 3
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Moreover for fe C’[0,1],we have the
following expansion
f(Xoi2) = 1(X5) + 2hf'(X5) +
[ . 2 4.0(4)
—h f"(X,) +=h" (g, 4),
3 (X5) 3 (€12i)
Xy

i <12 < Xaisz
P30 0) = 1(X ) - 2R (X p) +

2h3 7 X, )-;h}t‘"’(.\'zi)

A
£ 4o(4)
Sht (e, Kaiea <€g5i <Xy

5
flts;)=fF(X;5;)+ ?I.f’{x 2i )+

4 .1
1)+ —h " F"(X,
1) ¥ = (X 2)

-r-—'['!"i‘ ""'9-\_:.% }(,‘ <E_;_2i

{?8) %h:f"lxhg..;i._

Sp o
=t R € I

3..

24_1

—h*t%,:),

tyia <€45 <Xy

£"(Xai_p) = £"(X 5 )~ 20 "(X 5, ) +

21121:[-”{85‘2i ),
Xsip <€s5 <Xy;

(X552 ) = £"(X5))+ 2hf (X5 +

2h*f M (g4.5)

Xai <€62i < X3

;"(::,_g)zl“'txh)— KE (0 ) 5

byjon < €74 < Xy

Coihb 2 HE g 15
|

F"(ty;) = £"(X

X,

2 <ES:3I < I'Z‘.

3. Proof of > Theorem 1.1

The proof depends on the following
representation on S,(X):for
2ih<X<(2i+2)h, i=0,2,...,
X - 21h )+

m-1 ,we have

G0 5 (x)=rx,)2,(

1), (X i

)+ [(X 3004, (=

+4h*S!(X,)A, (—)-(——2—%)

) A () +

X —2ih
2h

8H° £"(t,,) A ).

On using (3.0) and
(3.1 S;(0)= f"(0), S; ()= f"(D).

It is easy to see that S,(X) as given by
(3.0) indecd satisfies the second condition
of (1.0) .We still need to decide whether it
is possible to determine

S0(X,,),(1=1,2,...,m-1) uniquely For

this purpose we see that the fact that
S (X)eC’[0]and  therefore  the
conditions

(3.2) $"(X,.)=S"(X,.),i=1, 2, ..., m-1
With the help of (3.0) and (2.7) reduce to

25

AR (X,, ) - —h*SI(X,,) -

Sy = -2 1)+ lf(rz,-)

= ?f(*)(zmz ) + 2“ hifm(tza') - 3h3fm(r2:'—2)

45

X - ZIh
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But (3.3) is a strictly tridagonal dominate
system then this system can be solved by
Gauss elimination method after using
Gauss elimination method for solving it ,
we have unique solution . Thus S7(.X,,) .

i=1, 2, ..., m-1 can be obtained . This
proves the Theorem 1.1. RS (X, )= _37_1»(}(7_),{
To prove Theorem 1.2 we need the ? R 2 =
following lemma . %f(tz,)—g—f(X,,+,)+
Lemma 4.1
Let B, =|f"(X,)-S)(X,,), then 8h*S!(X,,)+8h f"(1,)
Max B, S%hzw(f(‘”;L). Hence

i B (S (Xy) - £ X)) =
Proof: |

1204 4 £(4)

From (3.3) and (2.8) it follow that W Olesn) =S f V)
218Xy )~ (Kyia) ';hz(S:(Xy)—.f'(x‘i;)) +9R* (S, (X,,) = f'(X,)) +

I 2 " ”
- 5 h (S,.(inz) ”f (inz D=

1
S4B FO () o O )+ b e
2 12
-%h‘r“"(e.,z;)+§h*‘f“’(su.gi}+
449 (e, ) =2 on*w(r®; 1), ol
4 m

By using the property of diagonal

dominates we have

Max By < Zhlw(f@;L).
Isism-1 m
Lemma 4.2
For fe C'[0,1] ,then

<18w(f L)

m

() [S(X,.) - £ (X,)

SO ) - fOX,) <

85 1
=)
m

w(f(-‘]

RTINS 8 )[

Proof of (i)
On using (3.0), (2.7) and (2.8) we obtain

Eh*f“’(sa_zf-)—f‘""(Xz,)

hf) w(f@; ) +9R*(S" (X

m

£,) 2 2)~

(X5, (6.5
On using Lemma 4.1, the result (i)
follows .The proof of (ii) and (iii) are

similar .We only mention that

h.tS:a”(th) = % f‘(Xl---z ) - §s_l f(!21-2 ) +

27

—j(Xj, 27

O L L PR,
2 a (X 2,23)

gJ’.'E.S':'(XZI.

17 )
____hj e ! 31
2 ) > S (y,,)

and

46
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L= ot S e e

ns9 @, )= ——j(X,,,)+ f(ta.)—

ol f()c,+ )+E; 28X )+

3 3
ZhS"(X,.,)+ =R f ().
4 n( 2 _) 2 f (_J)

5. Proof of the Theorem 1.2
Since 0 < X <1 we have
(5.0) R X +A X +1(X)=

Let X, <X<X,,, On using (5.0) and

(3.0) we obtain
SO = FOX) = (SO (X, -
(5.1)
SO G(X o
X—2:'h

+ (S,[.‘l)(inz ) 1y f{“ \X))-Az(

FONA, (X—?f)

)+

(S.l{r” (IJI )

) ) L,

Where

X- 2:1'1

(52)  L=65"X)- f(‘”(X))lu(

X-2ih

(53) L=6"X0)- f“’(X))fL( -

(54) L; = (S;(;“(’zi)_ f(” (X))AT,(

From (2.1) —(2.3), one can easily see that
[ho (X)) <1
LX) <1
[A(X)s1

(5.5)

47

for 0<X<1
On using lemma4.2 and (5.5) in (5.2) -
(5.4) we obtain

L, |<19“(f‘“ , |L2 |< w(f¥;— l
m

andiL‘é w(f; 1)
m
Using above result in (5.1) we obtain
IS906) - FO (0| < 5w )
m
This prove Theorem1.2 for r=4. Since

SO - FON =[SO 0~ 7O @)dr

and because SO (t,,)-f(t,)=0 by
(1.1) then we obtain
5900 - 7000 < 59m (3 )

m

which proves Theoreml.2 for r=3. To

prove Theorem1.2 for r=2 . Since

SO - FOU0 = [SP W) - FO W)t +

S:(’;;)“f'(fza)-

X —2ih_On using above result and the fact

Sig) ("2; ) - fm (’z;)

61 1
< —hw(f9;—
51 (f m)

we obtain

§P(x)- fm(X)l < 59.5!}11'2“’(1[(”;‘1”)
m
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Which proves Theoreml1.2 for =2, Conclusion
the proof of Theoreml.2 for r=0, I In this paper we conclude that the
follows immediately on the line of Saeed , opd  conditions have to play a very
R.K. [5]. This completes the proof of  jnportant role in deciding the rate of
Theorem 1.2. convergeice, but the type of lacunary data
has no any role in deciding the rate of

convergence.
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